Abstract. The concept of subgroup commutativity degree of a finite group G is arising interest in several areas of group theory in the last years, since it gives a measure of the probability that a randomly picked pair (H, K) of subgroups of G satisfies the condition HK = KH. In this paper, a stronger notion is studied and relations with the commutativity degree are found.
Introduction
In the present paper we deal only with finite group, even if there is a recent interest to the subject in the context of infinite groups [1, 11, 10, 17, 25] . The commutativity degree of a group G, given by
was studied extensively in [2, 4, 6, 9, 12, 16, 18, 19, 20, 21, 22, 23, 26] an generalized in various ways. Its importance is testified in the theory of the groups of prime power orders in [5, Chapter 2] , where it is called measure of commutativity by Y. Berkovich in order to emphasize the fact that it really gives a measure of how far is the group from being abelian. In [7, 8, 9] it was introduced the following variation,
where H and K are two arbitrary subgroups of G. Of course, d(G, G) = d(G), whenever H = K = G, and, consequently, the bounds known in literature for d(G) may be sharpened by examining d(H, K). In recent years, there is an increasing interest in studying the problem from the point of view of the lattice theory (see [13, 14, 15, 27, 28] ). Tǎrnǎuceanu [30, 31] has introduced the subgroup commutativity degree of a finite group, that is, the ratio Variations on this theme have been considered in [3, 13, 14, 15, 24, 27, 28] , involving weaker notions of permutability among subgroups. Of course, if [H, K] = 1, then HK = KH, where [H, K] = [h, k] | h ∈ H, k ∈ K . Conversely, HK = KH does not imply that [H, K] = 1. In fact, the equality among the sets {hk | h ∈ H, k ∈ K} and {kh | k ∈ K, h ∈ H} does not imply, in general, that all the elements of H permute with all elements of K. Many examples can be given. Therefore it is meaningful to define the following ratio
which we will call strong subgroup commutativity degree of G. It is easy to see that
and that ssd(G) is the probability that the subgroup [H, K] of an arbitrarily chosen pair of subgroups H, K of a group G is equal to the trivial subgroup of G. Equivalently, ssd(G) expresses the probability that, randomly picked two subgroups of G, the subgroup generated by their commutators is trivial, and, in particular, the two subgroups are permutable. The present paper is devoted to study this notion, showing that it is related to the previous investigations in the area of the measure theory of finite groups.
Some basic properties
There are some considerations which come by default with the strong subgroup commutativity degree. A group G is quasihamiltonian, if all pairs of its subgroups are permutable. G is called modular, if L(G) satisfies the well-known modular law (see [29] ). Quasihamiltonian groups were classified by Iwasawa (see [5, Chapter 6] or [29, Chapter 2] ), who proved that they are nilpotent and modular. This is equivalent to say that a group G is quasihamiltonian if and only if all its Sylow psubgroups are modular (see [29, Exercise 3 at p.87]), being p a prime. Therefore the knowledge of quasihamiltonian groups may be reduced to that of modular p-groups. In literature, for m ≥ 3 the groups
are nonabelian modular p-groups and their properties have interested the researches of many authors in various contexts (see [5, 29, 30] ). An immediate observation is the following. If G = M (p m ), then [ x , y ] = 1 and consequently sd(G) = 1 but ssd(G) = 1. In this sense, it is important to know when the strong subgroup commutativity degree is trivial. On another hand, the following relation shows that ssd(G) is related to d(H, K) in a deep way. Theorem 2.2. Let H and K be two subgroups of a group G. Then
Proof. We claim that (2.2)
, which means that t permutes with all elements of H. In particular, the powers of t permutes with all elements of H and so
and we note that the equality cannot occur here as the identity 1
we may continue, finding the following upper bound
Remark 2.3. We want just to illustrate two points of views which allow us to decide whether a group G is abelian or not. The first deals with the subgroups: from Proposition 2.1 G is abelian if and only if ssd(G) is trivial. The second deals with the elements: G is abelian if and only if d(G) is trivial. Theorem 2.2 is relevant, because it correlates d(G) with ssd(G). This is very helpful, because we have literature on d(G) but few is known about ssd(G) and sd(G).
In virtue of the previous remark, the following result is significative and answers partially some open questions in [31] . We will see, concretely, that the argument of Theorem 2.2 is very general and can be adapted to the context of sd(G).
Theorem 2.4. Let H and K be two subgroups of a group G. Then
Proof. From Theorem 2.2 (more precisely from (3.18)), we may restrict to prove only the first inequality. In order to do this, we claim that
The first inclusion is trivial. Let S =
K∈L(G)
C K (H) and s ∈ S. Then there exists a
, which means that s permutes with all elements of H. In particular, [ s , H] = 1 then s H = H s , which means s ∈ C(H). We conclude that S ⊆ C(H). Therefore (2.6)
but we observe that in general the following is true
On another hand, we note that (2.9)
In the rest of this section we reformulate ssd(G) in terms of arithmetic functions. It is possible to rewrite ssd(G) in the following form:
The reader may note that ϕ(X, Y ) = ϕ(Y, X), that is, ϕ is symmetric in the variables X and Y . There is a corresponding property of symmetry for the subgroup commutativity degree in [30, Section 2], but, in general, this property depends on the permutability which we are going to study. For instance, this does not happen for weaker forms of permutability with respect to the maximal sugroups, as shown in [24] . However, the introduction of the function ϕ allows us to simplify the notations. In fact, if Z is a given subgroup of G and we consider the sets
A consequence of this equation is examined below and overlaps a similar situation for sd(G) in [30] .
Proposition 2.5. Let G be a group and N be a normal subgroup of G. Then
Proof. We are going to rewrite more properly the terms in the left side of (2.12).
(2.13)
Replacing these expressions in (2.12), the result follows.
We list three consequences of Proposition 2.5, overlapping similar situations for sd(G) in [30] . Their proof is omitted, since it is enough to note that for a normal abelian subgroup N of G we have ssd(G/N ) = 1 by Proposition 2.5, and, if it is of prime index in G, then |L(G/N )| = 2 .
Corollary 2.6. Let G be a group and N be a normal subgroup of G such that G/N and N are abelian. Then
Corollary 2.7. Let G be a group and N be a normal subgroup of G of prime index. Then
In particular, if G is metabelian, then
Now we list some general bounds, related to subgroups and quotients. In a different context, these relations have been found in [24] .
Theorem 2.9. Let H be a subgroup of a group G. Then
and for all subgroups L and M of H
Proof. We proceed to prove the first inequality. The result is obviously true for H = G and then we may assume
The inequality follows. Now we proceed to prove the remaining part. When we consider the corresponding function ψ, related to sd(G) (details can be found in [30, 31] ), instead of ϕ, we may overlap the previous argument and find that
and the result follows.
if G 1 and G 2 have coprime orders then it is true. This motivates our assumption in the following proposition. Proposition 2.10. For two groups G 1 and G 2 of coprime orders,
, because G 1 and G 2 have coprime orders. Therefore, with obvious meaning of symbols,
Hence the proposition follows.
Corollary 2.11. Proposition 2.10 is still true for finitely many factors.
Proof. We can mimick the proof of Proposition 2.10.
Multiple strong subgroup commutativity degree
In analogy with d (n) (H, G) (n ≥ 1), introduced in [12] , the notion of strong subgroup commutativity degree, given in Section 1, can be further generalized in the following way:
In particular, if n = 1 and H = G, then ssd
.
On another hand, we note that
and so 
Of course, all these sets are nonempty, since they contain at least the trivial subgroup. By construction,
. . , L n ). From the above inclusions we observe that for n which is growing the Comm H n−1 ×G (L 1 ) is getting to the trivial subgroup. Therefore
and to the extreme case we have (3.7)
This is a qualitative argument which shows that it is meaningful to consider values of probabilities of ssd (n) (H, G) for a small number of commuting subgroups. At the same time, the above construction shows that ssd (n) (H, G) is a strictly decreasing sequence of numbers in [0, 1] in the variable n. Namely,
We want to point out that a similar treatment can be done for sd(G), as proposed in a series of opens problems in [31] , where the corresponding version of ssd (n) (H, G) is called relative subgroup commutativity degree.
As done in Section 2, we may rewrite ssd (n) (H, G) in the following form:
and continues to be symmetric.
Proof. We begin to prove the first inequality.
The second inequality follows once we note that ssd (n) (H, G) is a decreasing sequence. Therefore, if we fix
The last inequality follows once we note that Comm G (H) ⊆ C(H) and that 
Proof.
(3.14)
We note that Proposition 2.10 follows from Proposition 3.2, when n = 1,
Corollary 3.3. Proposition 3.2 is still true for finitely many factors.
Proof. We can mimick the proof of Proposition 3.2.
We end with a variation on the theme of Theorems 2.2 and 2.4. Theorem 3.4. Let H and K be two subgroups of a group G. Then for all n ≥ 1
Proof. Overlapping the argument in the proof of Theorem 2.2,we firstly prove that
and then
and we note that the equality must be strict for the same motivation of the corresponding step in the proof of Theorem 2. 
Roughly speaking, in the proof of Theorem 2.9 we may replace the role of ϕ = ϕ 2 with that of ϕ n for n > 2. We will find the following generalization of Theorem 2.9, whose proof is easy to check and so it is omitted. Theorem 3.5. Let H be a subgroup of a group G. Then for all n ≥ 1
We note that a similar treatment can be done for the relative subgroup commutativity degree in [31] , since the arguments involve only combinatorial properties and set theory. This fact motivates to conjecture that the context of infinite compact groups, once a suitable Haar measure is replaced with ssd(G) or with sd(G), may be subject to an analogous treatment.
Two applications
Here we illustrate an application to the theory of characters and another to the dihedral groups. Relations with the theory of characters are due to the fact that in a group G
where Irr(G) denotes the set of all irreducible complex characters of G. For an element g of G, let
Thus,
Proof. It is enough to note that, for each a ∈ G, the map
defines a one to one correspondence between the sets
Thus, it is meaningful to write
where [ , ] denotes the usual inner product of characters, defined by
We recall that a class function defined on a finite group G is said to be an Rgeneralized character of G, for any ring Z ⊆ R ⊆ C, if it is an R-linear combination of irreducible complex characters of G. Thus for any χ ∈ Irr(G) and g ∈ G, of symmetries of a regular polygon with n ≥ 1 edges has order 2n and a well-known de-scription of |L(D 2n )| can be found in [29, 30, 31] . For instance, it is easy to see that D 2n ≃ C 2 ⋉ C n is the semidirect product of a cyclic group C 2 of order 2 acting by inversion on a cyclic group C n of order n. For every divisor r of n, D 2n has a subgroup isomorphic to C r , namely x n r , and n r subgroups isomorphic to D 2r , namely x n r , x i−1 , y for i = 1, 2, . . . , where σ(n) and τ (n) are the sum and the number of all divisors of n, respectively. The next result generalizes the above considerations, when we have a group with a structure very close to that of D 2n . ) and G
